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Introduction
Functionally graded materials (FGMs) are microscopically inhomogeneous composites that are usually made from a mixture of metals and ceramics. FGMs are regarded as one of the most promising candidates for future advanced composites in many engineering sectors such as the aerospace, aircraft, automobile, and defence industries, and most recently the electronics and biomedical sectors [1] .
Atmane et al. [2] studied the free vibration behaviour of exponential functionally graded beams with varying cross-section. Yang and Chen [3] studied the analytical solution to the free vibration and buckling of functionally graded beams with edge cracks. Literature review shows that although there are quite a few papers presenting crack and fracture analyses of FGM structures, no work investigating the vibration behaviour of delaminated FGM structures has been reported. One major failure mode of FGMs is cracking perpendicular to the material gradient direction which corresponds to delamination as real FGMs are usually multi-layered materials [4] and the crack grows along the interface. Delamination also occurs as one of four distinctive stages of the damage development of functionally graded thermal barrier coatings [5] . The buckling driven delamination problem under mechanical and thermal loadings was investigated [6] by using analytical and finite element methods.
In the present study, an analytical solution is developed to study the free vibration of exponential functionally graded beams with a single delamination. Kirchhoff-Love hypothesis, the 'free mode' and 'constrained mode' assumption in delamination vibration are adopted. This is the first study on the effects of delamination (its length and location) on the natural frequency of exponentially functionally graded beams. The analytical results of this study can serve as the benchmark for FEM and other numerical solutions.
Formulations

Governing equations and analytical solutions
As is shown in Fig. 1 (a) , consider a FGM beam of length and thickness , with a single delamination of length , located at a distance from the center of the beam. The beam can be subdivided into three span-wise regions, one delaminated region and two undelaminated region. The delamination region is comprised of two segments (delaminated layers), beam 2 and 3, which are joined at their ends to the integral segments, beam 1 and 4. The Young's modulus and mass density of the beam vary in the thickness direction (z) only and follow the exponential distributions shown below ,
where and are the Young's modulus and density of the FGM beam at the midplane. Based on the Kirchhoff-Love hypothesis, and , which refer to the displacements parallel to the xand z-axes of an arbitrary point in beam respectively (as is shown in Fig. 1 (b 
'Free mode'
Governing equations 4 and 5 are applied to the four interconnected sub-beams, respectively ( Fig. 1(b) ). The appropriate boundary conditions that can be applied at the supports, 
(15) where and are the axial force and shear force of beam , respectively. The continuity conditions for axial displacement [7] , when using the neutral axis as the referencing axis, as is shown in Fig. 1(c The total number of boundary and continuity conditions is 24 for 'free mode' and 18 for 'constrained mode', which is equal to the total number of unknown coefficients. A non-trivial solution exists only when the determinant of the coefficient matrix vanishes. The natural frequencies can be obtained as eigenvalues. Table 1 shows the non-dimensional first natural frequency λ 2 of an isotropic beam (by denoting = 0.999) with a single of central midplane delamination of various lengths, compared with the analytical results of Liu and Shu [7] and FEM results of Lee [8] . As is shown in Table 1 , the results of the current study agree well with previous published results. Table 2 shows the first three normalized natural frequencies ( ) of FGM beams, with clamped-free and hinged-hinged boundary conditions, where is the value of of an isotropic beam ( = 1.0) [2] . This example was previously analyzed by Atmane et al. [2] , Yang and Chen [3] and Yang et al. [9] . The natural frequencies obtained in the present study are in good agreement with previous results. 
Results and Discussions
Verification
FGM beams suffering a single delamination
Firstly, the first normalized natural frequency ( ) FGM beam with a single delamination is studied. The top layer is made Zirconia (E1 = 200GPa) and the bottom layer is made of aluminum (E2 = 70GPa). The FGM beam then suffers a delamination with varying length and locations, with two different boundary condition considered.
It is assumed in the following study that the FGM beam's thickness = 0.1m; the slenderness ratio = 10; the Young's modulus ratio varies from 0.01 to 1.0, where E1 and E2 denote the Young's modulus at the top and bottom surfaces of the beam respectively. Note that = 1.0 is a special case where the beam is isotropic homogeneous. The top surface of the beam is 100% aluminum with the material parameters: E1 = 70GPa, =2780kg/m 3 , = 0.33, as is studied by Atmane [2] . The 'constrained mode' natural frequencies of the same beam in Fig. 2 are shown in Fig. 4 . Similar results can be obtained on how the Young's modulus ratio aggravates the effect of delamination. When compare the results between Fig. 2 and Fig.  4 , the 'constrained mode' natural frequency is bigger than the 'free mode' and such difference becomes smaller with a decreasing Young's modulus ratio. , with a clamped-clamped boundary condition. The effect of delamination longitudinal location on reducing the natural frequency is aggravated when the Young's modulus ratio increases.
Conclusions
In the present study, an analytical solution is developed to study the free vibration of exponential functionally graded beams with a single delamination. Kirchhoff-Love hypothesis, the 'free mode' and 'constrained mode' assumption in delamination vibration are adopted. This is the first study on the influences of delamination (its length and location) on the natural frequency of exponentially functionally graded beams. Based on the theoretical investigations the following conclusions may be drawn.
1. The 'free mode' natural frequencies increase as the Young's modulus ratio increases, but such increase is smaller when the beam suffers a longer delamination 2. The effect of delamination length on reducing natural frequency is aggravated when the material property (E2/E1) changes less dramatically from the bottom to the top. 3. The difference of natural frequency between 'free mode' and 'constrained mode' becomes smaller with a decreasing Young's modulus ratio. 4. The effect of delamination longitudinal location on reducing the natural frequency is aggravated when the Young's modulus ratio increases, till the beam becomes isotropic. 
